In this paper, we investigate the stability of the inner products in Hilbert C * -modules over unital C * -algebras.
Introduction
In 1940 S.M. Ulam [13] raised the following problem: Given a group G 1 , a metric group (G 2 ε for all x ∈ X. In this case we say that the additive functional equation f (x + y) = f (x) − f (y) is stable in the sense of Hyers and Ulam. Later Th.M. Rassias [8] extended Hyers' result by permitting the Cauchy difference f (x + y) − f (x) − f (y) to be unbounded. A number of significant Rassias type results related to the stability of various functional equations are presented in [3, [9] [10] [11] . Now let A be a C * -algebra and M be a linear space which is a left A-module with a compatible scalar multiplication, i.e., λ(ax) = a(λx) = (λa)x for x ∈ M, a ∈ A, λ ∈ C. The space M is called a pre-Hilbert A-module if there exists an A-valued inner product ·,· : M × M → A with the following properties:
0 and x, x = 0 if and only if (i) Every ordinary inner product space is a Hilbert C-module (see [12] ).
The set of all adjointable mappings on M, denoted by L(M), can be regarded as a C * -algebra in a natural manner. The reader is referred to [5, 7] for more details on Hilbert C * -modules. If there are two A-valued inner products ·,· 1 and ·,· 2 over A-module M, then we mean by L (i) (M) the set of all adjointable mappings with respect to ·,· i , i = 1, 2. In [1] , the authors proved that if M is a Hilbert A-module with the inner product ·,· 1 , · 1 is the corresponding norm, K is a positive element of L (1) (M), x, y 2 := Kx, y 1 and x 2 2 := x, x 2 , then (i) · 2 is a norm on M iff ker K = {0}; and (ii) in the case ker K = {0}, the norms · 1 and · 2 are equivalent on M if and only if K has an inverse in L (1) 
In this paper, applying the direct method [2] and some ideas of [6] , we introduce approximate A-valued semi-inner products and investigate the stability of inner products in Hilbert modules over C * -algebra.
Main result

Theorem. Suppose A is a unital C * -algebra with the unital group U(A), M is a left A-module and f : M × M → A is a mapping satisfying the following inequalities for some
α, β, γ 0, all x 1 , x 2 , y 1 , y 2 ∈ M and all a 1 , a 2 ∈ U(A): f (a 1 x 1 + y 1 , x 2 ) + f (x 1 , a 2 x 2 + y 2 ) − a 1 f (x 1 , x 2 ) − f (y 1 , x 2 ) − f (x 1 , x 2 )a * 2 − f (x 1 , y 2 ) α,(1)f (x 1 , x 2 ) − f (x 2 , x 1 ) * β,(2)f (x 1 , x 1 ) 0. (3) If f (x 1 , x 2 ) = 0 whenever x 1 = 0 or x 2 = 0, then there exists a unique A-valued semi-inner product T : M × M → A such that f (x 1 , x 2 ) − T (x 1 , x 2 ) α for all x 1 , x 2 ∈ M.
Moreover, if (M, T ) is assumed to be a Hilbert
η for some η 0 and all x 1 , x 2 ∈ M, and g(x 1 , x 2 ) = 0 whenever any one of x 1 or x 2 is zero, then g automatically fulfills the inequality
and gives rise a unique conjugate A-bilinear mapping S :
Replacing x 2 by 2x 2 in (5) and x 1 by 2x 1 in (6), respectively, we obtain
Replacing x 1 by 2 j x 1 and x 2 by 2 j x 2 , we get
One can use induction on n to show that
for all nonnegative integers n, and
} is a Cauchy sequence in the complete space A and so it is convergent. Put
Replace x 1 by 2 n x 1 , x 2 by 2 n x 2 , y 1 by 2 n y 1 and y 2 by 2 n y 2 in (1) to get
Dividing the both sides of the last inequality by 1/2 2n and tending n to infinity, we obtain
Thus we can conclude that T is conjugate A-bilinear. Similarly, it follows from (2) that T (x 1 , x 2 ) = T (x 2 , x 1 ) * . Using (3) and the fact that the positive part of the C * -algebra A is closed in A, we infer that T ( x 2 ) . This proves the uniqueness assertion. Now let (M, T ) be a Hilbert A-module and K ∈ L(M) be a positive injective operator.
η for some η 0 and all x 1 , x 2 ∈ M. We have 
